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Since a considerable portion of fatigue life is associated 
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with the crack growth period, a study of crack propagation 
seems appropriate. 
treatment of crack growth as a continuous process and at the 
continuum level, 
the general. approach and parameters of fracture mechanics is 
presented, The use of stress-intensity-factors enables direct 
comparisons of crack growth rates between different configur- 
ations. 
an accumulation of damage model which it suggests Is evaluated 
with some preliminary data from random loading tests. 

Justification is found for attempting 

Antanalysis of growth rates making use of 

The 4th power law of.crack growth is discussed and 
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THE FRACTURE MECHANICS 'APPROACH TO FATIGUE 
1 

by P a u l  C, Paris 

INTRODUCTION - 

,Fa t igue  has been  approached i n  many ways ,  R e c e n t l y ,  

t h e  s t u d y  o f  c r a c k  growth has r e c e i v e d  wide r  a t t e n t i o n ,  

It has been  obse rved  that  c r a c k s  form ve ry  ear ly  i n  t h e  

f a t i g u e  l i f e  o f  materials,  The re fo re ,  a s t u d y  o f  ra tes  

o f  c r a c k  growth may lead t o  a b e t t e r  u n d e r s t a n d i n g  o f  

t h e  o v e r a l l  problem of  p r e d i c t i o n  o f  f a t i g u e  l i f e ,  

The i n t r o d u c t i o n  of  a c rack  i n  a stressed body leads 

t o  a r e d i s t r i b u t i o n  o f  stresses n e a r  t h e  c r a c k ,  e s p e c i a l l y  

i n  t h e  r e g i o n  a d j a c e n t  t o  t h e  c r a c k  t i p ,  S i n c e  t h e  crack 

growth p r o c e s s  takes p l a c e  i n  t h a t  r e g i o n ,  a stress a n a l -  

y s i s  of t h e  body i n c l u d i n g  t h e  c r a c k  w i l l  b e  regarded as 

mandatory i n  t h e  d i s c u s s i o n ,  However, t h e  stress a n a l y s i s  

w i l l  b e  c o n f i n e d  t o  a n  e l a s t i c  a n a l y s i s  of t h e  r e d i s t r i b -  

u t i o n  of stresses and t h e  o v e r a l l  p r o c e s s  w i l l  b e  viewed 

from a macroscopic  l e v e l ,  Moreover, t h e  growth p r o c e s s  

w i l l  be  c o n s i d e r e d  t o  be  con t inuous  f n  o r d e r  t o  a t t e m p t  
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a s y n t h e s i s  of c r a c k  growth from t h e  s implest  p o s s i b l e  view 

p o i n t ,  The advan tages  and/or  d i s a d v a n t a g e s  of such  a n  e le-  

mentary t r e a t m e n t  w i l l  be assesseda 

Upon v iewing  c r a c k  growth as d e s c r i b e d ,  i d e e  a t  t h e  

cont inuum l e v e l ,  two main sub-problems a r i se :  

(1) The i n f l u e n c e  of c o n f i g u r a t i o n  of a 
body i n c l u d i n g  t h e  c r a c k  on c r a c k  
growth rates f o r  a g i v e n  t y p e  of 
load- t ime h i s t o r y ,  

(2) The i n f l u e n c e  of  v a r i o u s  t y p e s  o f  
load- t ime h i s t o r i e s  on c r a c k  growth 
ra tes  a 

These sub-problems w i l l  be t reated separately,  The 

r e s u l t s  o f  a n  e l a s t i c  stress ana lys i s  w i l l  be  shown t o  

r e s o l v e  t h e  i n f l u e n c e  o f  c o n f i g u r a t i o n ,  Subsequen t ly ,  

e x p l o r i n g  t h e  i n f l u e n c e  o f  load- t ime h i s t o r i e s  r e q u i r e s  

f o r m u l a t i o n  o f  hypo theses  of "Accumulation o f  Damage" i n  

t h e  v i c i n i t y  o f  a c r a c k  t i p a  

w i l l  be  compared w i t h  random l o a d  t e s t  r e s u l t s a  

A v e r y  s i m p l e  damage law 

STRESS ANALYSIS OF CRACKED BODIES 

I n  g e n e r a l ,  f a t i g u e  c r a c k s  t e n d  t o  grow p e r p e n d i c u l a r  

t o  p r i n c i p l e  t e n s i l e  stress d i r e c t i o n s  i n  b o d i e s ,  I n  t h e  
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m a j o r i t y  o f  c a s e s ,  t h i s  means t h a t  t h e  c r a c k  p l a n e  i s  a 

p l a n e  of  ( a t  l ea s t  l o c a l )  symmetry of bo th  t h e  conf igu-  

r a t i o n  and stress f i e l d ,  The re fo re  t h i s  d i s c u s s i o n  w i l l  

be r e s t r i c t ed  t o  symmetr ica l  c a s e s ,  though g e n e r a l i z a t i o n  

t o  q u i t e  a rb i t ra ry  s i t u a t i o n s  is  n o t  beyond t h e  scope  of  

the  t e c h n i q u e s  t o  b e  employed, 

I n  r e c e n t  years,  two methods of e l a s t i c  stress a n a l -  

y s i s  o f  c r acked  b o d i e s  have been developed [1,2]. These 

methods have been used f o r  t r e a t i n g  t h e i r  s t r e n g t h  and 

have a l s o  been shown t o  a p p l y  t o  f a t i g u e  c r a c k  growth 

[3,4]. Both o f  these a p p l i c a t i o n s  c o r r e l a t e  c r a c k  growth 

ra tes  on t h e  basis of l o c a l ,  c r a c k  t i p ,  stress parameters 

and may b e  shown t o  be  e f f e c t i v e l y  e q u i v a l e n t  f o r  tha t  

pu rpose  [5]. As a matter of  a r b i t r a r y _ c h o i c e ,  I r w i n ’ s  

c r a c k  t i p  s t r e s s - i n t e n s i t y - f a c t o r  [l] w i l l  be  employed as 

t h e  parameter i n  t h i s  d i s c u s s i o n .  

The e l a s t i c  stress f i e l d  su r round ing  t h e  t i p  o f  a 

crack, where the  c r a c k  p l a n e  i s  a p l a n e  o f  symmetry,  i s  

g i v e n  b y  [l]: 

3~ 1 K m ;[,---& ’ e -  - G =?jzT’ 2 2 

-3- 



where r a n d e a r e  c y l i n d r i c a l  p o s i t i o n  c o o r d i n a t e s  meas- 

u r e d  from the l e a d i n g  edge o f  the  crack and t h e  p l a n e  of  

e x t e n s i o n  o f  t h e  crack,  r e s p e c t i v e l y ,  The s t r e s s - i n t e n s i t y -  

f a c t o r ,  K,  appears l i n e a r l y  I n  these e q u a t i o n s  of  e l a s t i c  

stress, Consequent ly ,  K must depend l i n e a r l y  on t h e  i n -  

t e n s i t y  o f  t h e  a p p l i e d  load ,  P, and must re f lec t  t h e  i n -  

f l u e n c e  o f  t h e  c o n f i g u r a t i o n  i n c l u d i n g  the  crack s i z e ,  a, 

o r  

k') 

The s p e c i f i c  f u n c t i o n a l  form i n  E q ,  ( 2 )  depends on t h e  

e l a s t i c  s o l u t i o n  o f  t h e  boundary v a l u e  problem f o r  t h e  

p a r t i c u l a r  c o n f i g u r a t i o n  which may be  o f  i n t e r e s t .  Many 

s o l u t i o n s  are a v a i l a b l e  for  b o t h  two and three  d imens iona l  

problems,  e.g. [1,6] and many o t h e r  s o u r c e s I  They s h a l l  

be employed h e r e i n  wi thou t  f u r t h e r  d i s c u s s i o n ,  

Though s t r i , C t l y  speak ing  d u r i n g  f a t i g u e  c r a c k  growth 

t h e  crack l e n g t h  i s  a f u n c t i o n  o f  t i m e ,  d u r i n g  t h e  i n t e r v a l  



from one peak in the load to the next, it changes very 

little, As a csonsequence, the wave form of the local 

stress field surrounding the crack tip as reflected by 

the time history of the stress-intensity-factor, K(t), 

depends significantly only on the wave form of the time 

his4mz-y of the load, P(t), That is to say that from 

Eqb ( 2 ) :  

Where f(a) is a very slowly changing amplifying factor. 

Consequently, the wave, form of K(t) is regarded as 

identical to P(t) for the purpose of this discu$sion, 
1 

This assumption is examined in the section to follow, 

SINUSOIDAL LOADING 

On the basis of the preceding arguments, bodies 

subjected to sinusoidal loading experience effectively 

sinusoidal variations of the fields of stress surrounding 

their crack tips as measured by K(t), 

of fatigue crack growth in a given material should depend 

upon the range of variation of the stress-intensity-factor, 

AK, and its mean, Kmean. 

Therefore, the rate 

Far convenience, it is better to 
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u s e  t h e  r e l a t i v e  mean,$, which by i n c o r p o r a t i n g  E q ,  ( 3 )  

leads t o  

F i g u r e  1 shows c r a c k  growth r a t e  t e s t  data f o r  

7075-T6 aluminum a l l o y  sheet specimens c o r r e l a t e d  on 

t h e  bas i s  o f  t h e  r ange  o f  t h e  s t r e s s - i n t e n s i t y - f a c t o r ,  

bK, f o r  a g i v e n  r e l a t i v e  mean,f,  

t a k e n  from tests u s i n g  two q u i t e  d i f f e r e n t  c o n f i g u r a t i o n s ,  

The f i r s t  i s  o f  t h e  u s u a l  t y p e ,  a p a n e l  s u b j e c t e d  t o  uni -  

form stress,CJ-, w i t h  a Cent ra l  c r a c k  o f  l e n g t h ,  2a, The 

s t r e s s - i n t e n s i t y - f a c t o r *  f o r  t h i s  c o n f i g u r a t i o n  [l] i s  

( i n  the  form o f  E q ,  ( 2 ) ) :  

I 4 

The data shown are  

K 

The second c o n f i g u r a t i o n  i s  a c e n t r a l l y  crack p a n e l  w i t h  

eqval and o p p o s i t e  c o n c e n t r a t e d  f o r c e s ,  F, a p p l i e d  t o  t h e  

upper  and lower  c r a c k  s u r f a c e  a t  t h e  c e n t e r  o f  t h e  c r a c k ,  

i . e ,  so c a l l e d  "wedge f o r c e s t t ,  I t s  s t r e s s - i n t e n s i t y -  

f a c t o r *  i s  [I]: 

t I< = - mm 
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* C o r r e c t i o n  f a c t o r s  f o r  t h e  f i n i t e  w id th  o f  p a n e l s  have 
been o m i t t e d  f o r  c l a r i t y ,  



where F d e n o t e s  f o r c e  p e r  u n i t  t h i c k n e s s  o f  t h e  shee t ,  

The c o r r e l a t i o n  o f  data on t h e  basis i l l u s t r a t e d  

i n  F i g u r e  1 has been d i s c u s s e d  i n  d e t a i l  e a r l i e r  [3#4# 

5,7], O f  p a r t i c u l a r  i n t e r e s t  here is t h e  f a c t  t h a t  data 

from q u i t e  d i f f e r e n t  c o n f i g u r a t i o n s  are  shown t o  concur  

by means o f  a l o c a l  c r a c k  t i p  s t r e s s  parameter, K, It 

shou ld  be p o i n t e d  o u t  t h a t  t h e  N,A,S ,A ,  Method 6 4 1  u s i n g  

a similar l o c a l  stress parameter  i s  a l s o  c a p a b l e  o f  

e x a c t i n g  such  c o n c u r r e n c e s I  

Moreover, s p e c i a l  emphasis s h o u l d  be  p l a c e d  on t h e  

f a c t  t ha t  t h e  data from t h e  'two c o n f i g u r a t i o n s  chosen  

f o r  F i g u r e  1 permi t  a c r i t i c a l  examina t ion  o f  t h e  e f f e c t  

of t h e  a s sumpt ions  o f  Eq, ( 3 1 6  From E q s ,  ( 5 )  and (6), 

it c a n  b e  observed  t ha t ,  as t h e  c r a c k  l e n g t h ,  a, i n c r e a s e s ,  

t h e  change i n  f ( a )  i s  o p p o s i t e  i n  s i g n ,  N e v e r t h e l e s s ,  t h e  

data on  F i g u r e  1 are a p p a r e n t l y  u n a f f e c t e d ,  hence t h e  

a s sumpt ion  of q u a s i - s t a t i o n a r y  c r a c k  l e n g t h  i s  shown t o  

be  j u s t i f i e d  under  q u i t e  extreme c o n d i t i o n s ,  A more 

t h o r o u g h  examina t ion  [8] of  e x i s t i n g  data t o  assess t h i s  

a s sumpt ion  n e t s  t h e  same result ,  

-7 - 



RANDOM L O A D I N G  

It i s  p e r t i n e n t  t o  t u r n  a t t e n t i o n  t o  s t o c h a s t i c  

l o a d i n g ,  i o e . ,  s t a t i o n a r y  random p r o c e s s e s  o f  Gaussian 

d i s t r i b u t i o n ,  Though such  l o a d i n g s  are  of  p r a c t i c a l  

i n t e r e s t  f o r  s t r u c t u r e s  encoun te r ing  a tmosphe r i c  t u r -  

bu lence  o r  waves a t  sea, f o r  t h e  time b e i n g  they sha l l  

b e  t reated as academic,  i n  f u r t h e r a n c e  of  a b a s i c  under- 

s t a n d i n g  o f  t h e  n a t u r e  of  f a t i g u e  c r a c k  growth,  

The sequence of  peaks i n  a s t o c h a s t i c  l o a d i n g  i s  

t o  s a y  t h e  least  d e v i o u s b  The t i m e  r e c o r d  o f  a t y p i c a l  

random l o a d  shows t h i s  c h a r a c t e r ;  see F i g u r e  2.  S e v e r a l  

s o u r c e s  r e p o r t  [9,10,11] t h a t  d e l a y s  i n  t h e  c r a c k  growth 

p r o c e s s  o c c u r  f o l l o w i n g  ove r loads  a p p l i e d  d u r i n g  a 

s i n u s o i d a l  l o a d i n g  t e s t ,  The d e l a y s  are  a complete  ces -  

s a t i o n  o f  growth f o r  from hundreds t o  m i l l i o n s  of  c y c l e s ,  

T h e r e f o r e ,  i n  examining c r a c k  growth under  random l o a d i n g s ,  

one might expec t  de lays  t o  fo l low high peaks i n  l o a d .  

T h i s  does no t  appear t o  be t h e  c a s e ,  F i g u r e s  3 and 4 show 

e l ec t ron -mic rographs  (25OOx and 3OOOx) of  a c r a c k  s u r f a c e  

g e n e r a t e d  under  t h e  l o a d i n g  shown i n  F i g u r e  2 ,  A count  
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of  t h e  markings r e v e a l s  tha t  a new r i n g  i s  formed f o r  

e a c h  peak i n  t h e  l o a d i n g ,  A similar o b s e r v a t i o n  was 

made by F u l l e r  [12], T h e r e f o r e ,  i t  appears t ha t  c r a c k  

growth unde r  random l o a d i n g  may b e  r ega rded  as  a r eason-  

a b l y  c o n t i n u o u s  p r o c e s s I  

It f o l l o w s  t h e n  t ha t  i t  i s  feasible  t o  a t t empt  t o  

u s e  t h e  data c o r r e l a t i o n  t e c h n i q u e  employed on F i g u r e  1 

f o r  i n d i v i d u a l  random l o a d i n g s ,  I n  o r d e r  t o  g i v e  t h e  

b r o a d e s t  d e f i n i t i o n  t o  an  " i n d i v i d u a l  l o a d i n g "  a s ta te-  

ment o f  t h e  c o n d i t i o n s  f o r  e q u i v a l e n c e  must be  made,, 

A s t o c h a s t i c  p r o c e s s  is comple t e ly  d e f i n e d  by  i t s  

power spec t rum,  Then, assuming t h a t  t h e  c r a c k  growth 

p r o c e s s  i s  i n s e n s i t i v e  t o  r a t e  o f  l o a d i n g  ( i a e e  f r e q u e n c y ) ,  

t h e  s t a t e m e n t  o f  e q u i v a l e n c e  of  wave form i s :  

All random l o a d i n g s  whose power s p e c t r a  
may b e  made i d e n t i c a l  b y  s c a l i n g  t h e i r  
c o o r d i n a t e  a x e s  With c o n s t a n t  f a c t o r s  
are e q u i v a l e n t  i n  wave form, 

The p roof  t h a t  t h i s  s t a t e m e n t  of e q u i v a l e n c e  leads t o  

load - t ime  h i s t o r i e s  t h a t  d i f f e r  o n l y  by a f a c t o r  i n  

magni tude  and/or  a f a c t o r  i n  r a t e  o f  a p p l i c a t i o n  i s  

w i t h i n  t h e  scope  o f  t h e  u s u a l  ma themat i ca l  a n a l y s i s  of 
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random p r o c e s s e s  [81. 

Again, a p p l y i n g  E q ,  3, s i n c e  t h e  i n t e n s i t y  of  t h e  

f i e l d  o f  l o c a l  stress, K ,  i s  p r o p o r t i o n  t o  t h e  l o a d ,  P, 

i n  t h e  q u a s i - s t a t i o n a r y  sense, t he  power spec t rum o f  t h e  

stress i n t e n s i t y  f a c t o r ,  S (GI i s  related t o  t h e  power 
K 

spec t rum o f  t h e  l o a d ,  S (0) by* 
P 

T h e r e f o r e  e q u i v a l e n t  l o a d  power s p e c t r a ,  as d e f i n e d  above, 

w i l l  lead t o  e q u i v a l e n t  wave forms of s t r e s s - i n t e n s i t y -  

f a c t o r s ,  I f ,  i n  a d d i t i o n ,  t h e  magnitudes o f  v a r i a t i o n  

o f  the  s t r e s s - i n t e n s i t y - f a c t o r s  are r e s p e c t i v e l y  t h e  same 

f o r  c r a c k s  i n  two d i f f e r e n t  specimens of  a g i v e n  material, 

t h e  a v e r a g e  c r a c k  e x t e n s i o n  r a t e s  ( p e r  peak i n  l o a d )  would 

be expec ted  t o  b e  similar. 

ra te  data from 7075-T6 aluminum a l l o y  t e s t s  unde r  e q u i v a l e n t  

l o a d  power s p e c t r a  o f  t h e  type  shown i n  F i g u r e  5 are com- 

pared on F i g u r e  6 ,  

t i o n a t e  i n t e n s i t y  has been a p p l i e d  i n  o r d e r  t o  avo id  

compression.  The magnitude o f  v a r i a t i o n  o f  t h e  stress- 

i n k e n s i t y - f a c t o r ,  as measured by i t s  ave rage  

I n  t h i s  manner, c r a c k  growth 

I n  each t e s t ,  a mean l o a d  of  propor-  

-10- 
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- 
t$rough t o  peak r i s e ,  hk, I s  p l o t t e d  as t h e  o r d i n a t e ,  

The a v e r a g e  change i n  c r a c k  l e n g t h ,  2a, p e r  . . peak  

( o r  r i s e ) ,  d ( 2 a ) @ l  I s  p l o t t e d  as t h e  absissa,  The 

observed  c o r r e l a t i o n  of data I n t o  a s i n g l e  c u r v e  i s  

regarded as j u s t i f i c a t i o n  o f  t h e  methods employed. 

/ 

I n  p r e p a r i n g  t e s t  data f o r  F i g u r e  6 ,  hk and 

have been e v a l u a t e d  from a n  a c t u a l  coun t  o f  t h e  r ises  

i n  t h e  load-t ime h i s t o r y  and Eq ,  ( 5 )  has been used  t o  

a p p r o p r i a t e l y  c o n v e r t  t h e  data  i n t o  terms of t h e  stress- 

i n t e n s i t y - f a c t o r ,  However, both c o u l d  have been com- 

pu ted  d i r e c t l y  from t h e  l o a d  power spec t rum,  Using 

E q e  ( 3 1 ,  

- 
The a v e r a g e  r i s e  In l oad ,  hp,  i s  g i v e n  by [8 ;  

M2 ( 9 )  h,' - - ml - 
- - 

and t h e  a v e r a g e  number o f  peaks p e r  u n i t  time N i s  
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where Mr are moments o f  t h e  l o a d  power spec t rum,  
r r -  

coo 
and s i n c e  v a r i o u s  a u t h o r s  d i f f e r  on d e f i n i t i o n  o f  power 

spec t rum,  it i s  d e f i n e d  h e r e i n  as 
n 

where 

Though E q s ,  ( 8 )  th rough  (13) may be  u s e f u l  i n  r e d u c i n g  

c r a c k  growth data, t h e y  a r e  not e s s e n t i a l  t o  t h i s  d i s c u s s i o n ,  

They mere ly  i n d i c a t e  t h a t  computa t ion  of q u a n t i t i e s  i nvo lved  

i n  t h e  a n a l y s i s  r e p r e s e n t e d  by F i g u r e  6 i s  p o s s i b l e .  

Thus far ,  i t  has been shown tha t  s t r e s s - i n t e n s i t y -  

f a c t o r s  permi t  d i r e c t  comparisons o f  c r a c k  growth ra tes  i n  

b o d i e s  o f  d i f f e r e n t  c o n f i g u r a t i o n  b u t  s u b j e c t e d  t o  l o a d i n g s  

w i t h  e q u i v a l e n t  wave form,  It remains  t o  attempt means o f  

comparing p r o p a g a t i o n  r a t e s  under  one  t y p e  o f  l o a d i n g  w i t h  

a n o t h e r ,  

laws of f a t i g u e  c r a c k  p r o p a g a t i o n  i s  a p p r o p r i a t e ,  

As a means 09 t h i s  end a d i g r e s s i o n  i n t o  power 
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CRACK PROPAGATION LAWS 

A variety of crack propagation laws have been 

proposed to date [5 and references cited therein]. 

A l l  of these laws attempt to relate crack growth rates 

under sinusoidal loading to the applied stress levels, 

the crack length and material parameterso 

data representations such as Figures 1 and 6 serve this 

purpose, 

stating a propagation law is to provide insight into 

the parameters useful in analyzing ?'accumulation of 

damage" , Consequently, a simple law of wide generality 

However, 

Therefore the main motivation for subsequently 

is Sought, 

The most appealing type of law for this purpose is 

the power law, i,e, for sinusoidal loading, 

where C! depends upon the relative mean load, '21, and the 

material (and frequency if its effect is significant), 

Several investigations of this type of law have been 

reported recently [5,8,13,14], The high dependence of 
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c r a c k  growth r a t e  on r ange  of s t r e s s ,  i , e , A K ,  compared 

t o  t h e  r e l a t i v e  m e a n , x ,  a l l o w s  c o n s i d e r a t i o n  of  t h i s  

t y p e  law as r e p r e s e n t a t i v e  o f  t h e  main t r e n d  of c r a c k  

growth b e h a v i o r ,  

The exponent  i n  E q ,  ( 1 4 )  can be most r e a d i l y  

e v a l u a t e d  from t h e  s l o p e  o f  a log- log  p l o t  of  t e s t  data. 

The widest  r a n g e  of  data a v a i l a b l e  has been observed  f o r  

7075-T6 aluminum a l l o y  sty= 0,5; it i s  shown on F i g u r e  7. 

The s t r a i g h t  l i n e  shown on t h i s  f i g u r e  co r re sponds  t o  

n = Q 6  F i g u r e s  8 and 9 show t h e  concur rence  w i t h  n = 4 

of  more l i m i t e d  data on o t h e r  materials, The a p p a r e n t  

agreement w i t h  t h e  same exponent f o r  a f a a l y  wide v a r i e t y  

of  materials has i n t e r e s t i n g  i m p l i c a t i o n s ,  

I f  t h e  g e n e r a l  b e h a v i o r  of  f a t i g u e  c r a c k  p r o p a g a t i o n  

i s  h i g h l y  dependent  on t h e  t y p e  o f  micro mechanisms of 

c r a c k  growth t a k i n g  p l a c e  i n  t h e  c r a c k  t i p  r e g i o n ,  t h e n  

i t  would be expec ted  t h a t  d i f f e r e n t  m i c r o s t r u c t u r e s  

would lead t o  ra ther  d i f f e r e n t  laws of growth,  T h e r e f o r e ,  

t h e  b e h a v i o r t o f  body-center-cubic and f ace -cen te r - cub ic  

materials w i t h  v a r i o u s  a l l o y i n g  c o n s t i t u e n t s )  a c c o r d i n g  t o  

t h e  same law i s  ev idence  t ha t  phenomena a t  t h e  continuum l e v e l  



t .  

t 

are most i m p o r t a n t  i n  e s t a b l i s h i n g  g e n e r a l  t r e n d s ,  La i rd  

and Smi th  [l5] r e p o r t  s u p p o r t i n g  c o n c l u s i o n s  based on micro- 

s c o p i c  o b s e r v a t i o n  o f  t he  mechanism of  c r a c k  p r o p a g a t i o n .  

Hopefu l ly ,  t h i s  means that  i k  is f eas ib l e  t o  a t t empt  t o  

f o r m u l a t e  "accumula t ion  o f  damage laws" and t h e  l i k e  

e n t i r e l y  i n  terms o f  continuum v a r i a b l e s ,  

ACCUMULATION, OF DAMAGE IN CRACK GROWTH 

Crack growth i t s e l f  may be regarded as damage, i . e ,  

a n  a c c u m u l a t i o n  of l e n g t h  u n t i l  f i n a l  f a i l u r e  o c c u r s I  

The ra tes  o f  p r o p a g a t i o n  f o r  v a r i o u s  l o a d  i n t e n s i t i e s  i n  

s i n u s o i d a l  b l o c k  l o a d i n g  t e s t s  may be p r e d i c t e d  from c u r v e s  

such  as F i g u r e  1, Subsequent ly ,  these  ra tes  may be nu- 

m e r i c a l l y  i n t e g r a t e d ,  i n c l u d i n g  d e l a y s ,  t o  estimate c r a c k  

p r o p a g a t i o n  l i f e ,  Though these estimates are  r e a s o n a b l e  

f o r  b l o c k  l o a d i n g  [7] (and  i n  f a c t  p r e d i c t  a p r o p e r  d i f f e r -  

ence  i n  l i f e  unde r  two s t e p  l o a d  programmin$ when t h e  o r d e r  

i s  r e v e r s e d ) ,  t hey  are o f  l i t t l e  h e l p  i n  p r e d i c t i n g ,  f o r  

example,  t h e  r a t e  of c r a c k  growth unde r  random l o a d i n g  

from s i n u s o i d a l  l o a d i n g  t e s t  data,  Consequent ly ,  it i s  

desirable  t o  view damage i n  a more de t a i l ed  way t h a n  



mere ly  t h e  e x t e n s i o n  of  t h e  c rack  i t s e l f ,  The des i red  

r e s u l t  i s  a damage law c a p a b l e  o f  h a n d l i n g  a r b i t r a r y  

wave-forms o f  l o a d i n g ,  

Thus f a r  t h e  e l a s t i c  s t r e s s  f i e l d  su r round ing  

t h e  c r a c k  t i p  and e x t e n s i o n  of c r a c k  i t s e l f  have been 

used as a l i m i t  of e l a b o r a t i o n  i n  t h e  approach ,  

A c t u a l l y ,  t h e  material j u s t  ahead o f  t h e  c r a c k  t i p  

s u s t a i n s  h i g h  stresses, s e e  Eq ,  (1) and as a consequence 

y i e l d i n g  o c c u r s .  S i n c e  p l a s t i c i t y  i s  i r r e c o v e r a b l e  de- 

f o r m a t i o n  o r  lldamagen, r e c o g n i t i o n  o f  t h e  p l a s t i c  e n c l a v e  

accompanying t h e  c r a c k  t i p  i s  t h e  next  n a t u r a l  s t e p  i n  

f u r t h e r  e l a b o r a t i o n ,  

I r w i n  [15] has developed a means of e s t i m a t i n g  t h e  

s i z e  o f  t h e  p l a s t i c  zone a t  a c r a c k  t i p  i n  a body sub- 

j e c t e d  t o  a s i n g l e  monotonic l o a d i n g ,  Presuming t h e  

e l a s t i c  stress e q u a t i o n s ,  Eqsd (11, are  approximate ly  

c o r r e c t  up t o  t h e  boundary of t h e  p l a s t i c  zone, the  

l o c a t i o n  of  t h e  boundary can  b e  estimated, I n  p a r t i c u l a r  

t h e  wid th ,  w,  of  t h e  e n c l a v e  d i r e c t l y  ahead of t h e  c r a c k ,  

e o ,  i s  t h e  r a d i u s  a t  which t h e  stresses, E q s ,  (1), 

v i o l a t e  t h e  y i e l d  c o n d i t i o n ,  As a r e s u l t :  
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However, f o r  a l o a d  time h i s t o r y  which f l u c t u a t e s  

t h r u  peaks and t r o u g h s ,  as w i t h  f a t i g u e ,  t h i s  e s t i m a t e  

must be revampedo 

a r i s e  o r  a f a l l ,  t h e  i n f i n i t e  t h e o r e t i c a l  stress con- 

c e n t r a t i o n  f a c t o r  a t  a c r a c k  t i p  i m p l i e s  t h a t  a new p l a s t i c  

zone forms i n  t e n s i o n  o r  compression r e s p e c t i v e l y ,  supe r -  

imposed o v e r  t h e  p r e v i o u s l y  formed z o n e s e  Elements  of  

material w i t h i n  these zones e x p e r i e n c e  a l t e r n a t i n g  plas- 

t i c i t y ,  S c h e m a t i c a l l y  t h i s  concept  i s  i l l u s t r a t e d  on  

F i g u r e  1 0 ,  

i n  t e n s i o n  (marked t), 

i n t e n s i t y - f a c t o r ,  hk, t h e  s t r e s s e s  a t tempt  a n e g a t i v e  

e x c u r s i o n ,  The e x c u r s i o n  i s  e s t i m a t e d  by  i n s e r t i n g ,  hk, 

f o r  k i n  E q s ,  (l), e x c e p t  where i t  exceeds  2 qR, s i n c e  

compress ive  y i e l d i n g  w i l l  occur  (marked - ) ,  Hence, t h e  

s i z e  o f  t h e  new (compress ion )  zone o f  p l a s t i c i t y ,  Wh# 

Each time t h e  l o a d  takes a n  e x c u r s i o n ,  

A t  p o i n t @ ,  t h e  last p l a s t i c  zone formed was 

Due t o  t h e  d r o p  t o @ i n  t h e  s t r e s s -  

caused  by t h e  e x c u r s i o n  can  be estimated by r e p l a c i n g  k 

by hk and q,F! by 2 q,p i n  Eq, ( 1 5 ) .  The r e s u l t  i s :  
a 

It may be  used  t o  e s t i m a t e  t h e  s u c c e s s i v e  y i e l d  zone 

s izes  due  t o  a s u c c e s s i o n  of r ises and f a l l s .  
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O f  u tmost  impor tance  i s  t h e  f a c t  tha t  i n  t h i s  r e s u l t  

t h e  peak t o  peak r i s e s  and f a l l s  i n  the K - t i m e  h i s t o r y  are 

shown t o  b e  o f  major  s i g n i f i c a n c e ,  They are n o t e d  t o  be t h e  

c a u s e  o f  c r e a t i o n  o f  new zones  o f  p l a s t i c i t y ,  i,e, a d d i t i o n a l  

damage, It i s  a lso a p p r o p r i a t e  t o  obse rve  t ha t  t h e  r e l a t i v e  

mean l o a d  i s  o f  no consequence i n  E q ,  ( 1 6 ) ,  though i n  more 

r e f i n e d  estimates o f  p l a s t i c  zone s i z e  it does  show a minor 

r o l e ,  e , g 4  C17,181, 

I 

I 
i 
I 

I t  i s  i n f o r m a t i v e  t o  compare these r e s u l t s  t o  Eq, ( 1 4 )  

w i t h  n = 4 as observed  from f i g u r e s  7, 8, and 9. Under 

s i n u s o i d a l  l o a d i n g  t h e  c r a c k  growth r a t e  i s  p r o p o r t i o n a l  

t o  t h e  4 th  power of t he  r ange ,AK,  o r  r ises and f a l l s ,  hk, 

S i n c e  h has been shown t o  be t h e  i m p o r t a n t  v a r i a b l e  i n  

g e n e r a t i n g  damage, i t  i s  t empt ing  t o  g e n e r a l i z e  E q ,  ( 1 4 )  

I 

k 

I 

I by s u b s t i t u t i n g  it f o r  K ,  whereby: 

, 
where d(2a)/dN i s  i n t e r p r e t e d  as t h e  ave rage  e x t e n s i o n  of  

t h e  c r a c k  p e r  r i s e  and i s  t h e  ave rage  o f  t h e  4 t h  power 

o f  t h e  r ises i n  t h e  q u a s i - s t a t i o n a r y  K - t i m e  h i s t o r y ,  
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THE WORK RATE MODEL OF CRACK GROWTH 

The ana logue  o f  E q ,  ( 1 7 )  has been d e r i v e d  on s e v e r a l  

bases [8,14,17,18,19] ,  b u t  u s u a l l y  t h e  a n a l y s i s  fs r e s t r i c t e d  

t o  s i n u s o i d a l  l o a d i n g ,  It i s  s u f f i c i e n t  here t o  r e d e r i v e  

it i n  g e n e r a l  on a basis most common t o  f r a c t u r e  mechanics ,  

The G r i f f i t h - I r w i n  f r a c t u r e  model a r o s e  as t h e  r e s u l t  o f  

t h e  assumpt ion  t h a t  t h e  work absorbed p e r  u n i t  i n c r e a s e  i n  

s u r f a c e  area of  a c r a c k  i s  c o n s t a n t .  Adapt ing t h i s  same 

assumpt ion  t o  f a t i g u e  c r a c k  growth r e s u l t s  i n :  - - 
I AW ' GI 

d (2%) 
- dN - K  

i s  d e f i n e d  as t h e  ave rage  p l a s t i c  work p e r  dN where 

r i se  i n  t h e  l o a d  t i m e  h i s t o r y ,  

The work done i n  an  e x c u r s i o n  o f  t h e  l o a d  w i l l  be 

p r o p o r t i o n e d  t o  t h e  volume of t h e  p l a s t i c  zone p e r  u n i t  

l e n g t h  of t h e  c r a c k  f r o n t ,  i , e ,  p r o p o r t i o n a l  t o  t h e  s q u a r e  

o f  t h e  p l a s t i c  zone s i z e ,  Then from E q ,  (16): 
. 4  



T h i s  r e s u l t  i s  - e n t i c a l  t o  E q ,  ( 1 7 )  and as a n  i n t e r p r e -  

t a t i o n  o f  i t  s u g g e s t s  a means o f  e v a l u a t i n g  i t ,  i r e r  a n  

e v a l u a t i o n  of  t h e  cons tancy  o f  hysteresis energy  a s s o c i a t e d  

w i t h  f a t i g u e  c r a c k  growth i s  a p p r o p r i a t e ,  U n f o r t u n a t e l y ,  

no energy  a b s o r p t i o n  t e s t  da ta  a r e  a v a i l a b l e ,  The r e s u l t s  

o f  some e x i s t i n g  random l o a d ,  however, may be used  f o r  

an  assessment  o f  t h e  "accumulat ion o f  damage law" repre- 

s e n t e d  by E q ,  (201,  

THE COMPARISON OF GROWTH RATES UNDER SEVERAL RAMITOM'LOADINGS 

I n  t h e  e a r l i e r  s e c t i o n  on random l o a d i n g ,  a d o p t i o n  o f  

t h e  con t inuous  p r o c e s s  concept  and E q ,  ( 3 )  w i t h  i t s  as- 

sumption o f  q u a s i - s t a t i o n a r y  c rack  l e n g t h  was j u s t i f i e d ,  

T h e r e f o r e ,  a r i $ e  o r  f a l l  i n  t h e  s t r e s s - i n t e n s i t y - f a c t o r ,  

hk , 
h 0 That i s  t o  s a y  t h a t :  

P 

i s  t h e  d i r e c t  r e s u l t  o f  a r i s e  o r  f a l l  i n  t h e  l o a d ,  

h, = I? P C m  
where f ( a )  is a known f u n c t i o n  f o r  t h e  c o n f i g u r a t i o n  o r  

i n t e r e s t ,  as i n  E q ,  ( 5 )  o r  ( 6 ) .  I n  o r d e r  t o  compute t h e  

a v e r a g e  o f  t h e  4 t h  powers of  t h e  r ises o r  f a l l s ,  $ , i t  

i s  des i rab le  t o  know t h e  d i s t r i b u t i o n  ( p r o b a b i l i t y  d e n s i t y )  

- 

, s i n c e :  
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However, it is usually more convenient to compute quantities 

in terms of the loading itself, or incorporating Eq, (21) 

Though the distribution of rises and falls in load,$(hp) , 
can theoretically be computed from the power spectrum [20], 

such a computation is very difficult, Approximate means 

are being developed to ease the computation [21,22]. In 

the meantime, the distribution function can be evaluated 

numerical from the load time history, as will be the case 

in the data to follow, 

Information of the above nature is available on the 

five random loadings whose normalized power spectra are 

shown in Figure 11, Three of these, A,B, and C, were 

employed in ordinary fatigue studies by Fuller E121 and 

another, E, by Leybold [23], Samples of the time histories 

of these loadings are shown in Figure 12-, From Figures 11 

and 12, it can be noticed that the broader the band width 

(of frequencies) in the power spectrum the more devious 

the load-time history appears, 
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The normal ized  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  o f  r i s e  

and f a l l ,  $(hp), f o r  each  o f  t h e  l o a d i n g s  appear i n  F i g u r e  

13e  The d i s t r i b u t i o n  f u n c t i o n  f o r  l o a d i n g ,  A ,  t h e  narrow 

band spec t rum i s  c l o s e  t o  i t s  t h e o r e t i c a l  v a l u e s ,  i , e ,  a 

Rayleigh d i s t r i b u t i o n  [ 2 4 ] *  Though these c u r v e s  e x h i b i t  

o n l y  a m i l d  s h i f t  t o  t h e  l e f t  w i t h  i n c r e a s i n g  bandwith,  i t  

must be remembered t h a t  i n  accordance  w i t h  t h e  i n t e g r a l  

i n  E q ,  ( 2 3 ) ,  t h e  f o u r t h  moment of each  abou t  t h e  v e r t i c a l  

c o o r d i n a t e  axis i s  of I n t e r e s t ,  These moments f o r  e a c h  are: 

" :*,,y= 
A=128, B=88.4, C = l O l e l ,  D=64,0 and E=40.4 .  

Crack growth r a t e  data i n  7075T6 aluminum a l l o y  f o r  

three of these l o a d i n g s ,  A,B and C ,  a re  shown i n  F i g u r e  1 4 ,  

A p p r o p r i a t e  mean l o a d s  were a p p l i e d  d u r i n g  t h e  t es t s  t o  

p r e v e n t  compress ion ,  Analogous t o  f i g u r e s  7 th rough  9 

and E q .  (14), E q ,  ( 2 0 )  d i c t a t e s  t ha t  log &")/A v s ,  l o g  

v r  be shown f o r  comparisons i n  terms of 

most n e a r l y  e q u i v a l e n t  p a r a m e t e m ,  The data on F i g u r e  1 4  

group w i t h i n  a s c a t t e r  band of  a f a c t o r  of  1 , 2  i n  growth 

ra tes .  A s c a t t e r  o f  t h i s  o r d e r  i s  u s u a l  i n  r e p r o d u c t i -  

b i l i t y  of tes ts  unde r  s i n u s o i d a l  l o a d i n g ,  hence it is 

regarded as a c c e p t a b l e  wi thou t  i n t e r p r e t a t i o n ,  

-22- 



For  t h e  random l o a d  a n a l y s i s  a new d e f i n i t i o n  o f  

r e l a t i v e  mean l o a d , f ,  i s  requi red , ,  G e n e r a l i z i n g  t h e  

p r e v i o u s  d e f i n i t i o n ,  E q ,  ( 4 1 ,  so  that a c c o r d i n g  t o  

E q ,  ( 2 0 )  C may b e  regarded as  a p a r t i c u l a r  f u n c t i o n  o f  

)(for a g i v e n  material unde r  a r b i t r a r y  t y p e  o f  l o a d i n g ,  

r e s u l t s  i n  

I n  F i g u r e  1 5  t h e  data from F i g u r e  1 4  are  r e p l o t t e d  i n  

a d d i t i o n  t o  data on 7075-T6 aluminum a l l o y  under  

s i n u s o i d a l  l o a d i n g  w i t h  a s i m i l a r , d ,  

r e s u l t s  of  t h i s  p l o t  do no t  induce  as much opt imism as 

Though t h e  

F i g u r e  1 4 ,  i t  shows t h a t ,  s o  far as c a n  b e  examined by 

data a v a i l a b l e  t o  date,  t h i s  model appears t o  be  a 

f a r i l y  r e a s o n a b l e  r e p r e s e n t a t i o n ,  However, more data 

from d i f f e r e n t  t ypes  o f  l o a d i n g s  and o v e r  wider r a n g e s  

o f  c r a c k  growth rates must be  o b t a i n e d  b e f o r e  any f i n a l  

c o n c l u s i o n s  can  be  drawn, 

Moreover, a shor tcoming of  t h e  model may already 

b e  a n t i c i p a t e d ,  It l lcounts l l  t h e  e f f e c t s  o f  r ises and 

f a l l s  i n  load-t ime h i s t o r i e s  wi th  t h e  same weight  r e g a r d l e s s  



of  t h e  sequence i n  which t h e y  occur .  Even though sequence 

e f f e c t s  may be minor compared t o  t h e  e f f e c t s  of the rises 

and f a l l s  and t h e  mean, t h e r e  are s u r e l y  some e f f e c t s  o f  

sequence.  A more e l a b o r a t e  model w i l l  be r e q u i r e d  t o  

account  fo r  them. Some ana logous  s t u d i e s  on "count1ngff 

methods have already begun on a f a t i g u e  l i f e  basis 
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CONCLUSIONS 

1, 

2, 

3 .  

4 ,  

The process of crack growth may be regarded as 

continuous and the crack length may be regarded 

as quasi-stationary in analyzing crack growth 

rates, 

The elastic stress analysis of cracked bodies 

and the resulting "fracture mechanics" parameter, 

the crack tip stress-intensity-factor, is use fu l  

in analysis of fatigue crack growth rates, 

Application of stress-intensity-factors and 

equivalence of their time histories leads to 

methods for correlation of crack growth rates 

in bodies of a given material of arbitrary 

configuration under individual types of loadingd 

All data on crack growth rates under sinusoidal 

load for a variety of different materials, 

generally agree in their broad trend with a 

e law of the type 
d 
7 . c  c (hK) 

-25- 



5. Models of "accumulat ion of damage" appear t o  

be b o t h  feas ib le  and r e a s o n a b l e  upon e l a b o r a t i o n  

of t h e  g r o s s  n a t u r e  of p l a s t i c i t y  i n  t h e  zone 

a d j a c e n t  t o  a crack t i p ,  

6 ,  A s imple  work r a t e  model i s  p r e s e n t e d  which 

shows promis ing  r e s u l t s  t h rough  some pre- 

l i m i n a r y  c o r r e l a t i o n s  o f  growth ra te  data under  

v a r i o u s  random l o a d i n g s ,  However, a shor tcoming 

i s  acknowledged and more data is  r e q u i r e d  t o  

p e r m i t  a thorough e v a l u a t i o n ,  

-26- 
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NOTATION 

a =  
c,c; - - 

$(a) = 

F =  

L =  

a(, = 

V, e = 

t =  

Half Crack Length, 

Constants (depending on material, 
relative mean load, and frequency). 

Crack Growth per cycle or peak 
in load,, 

A factor relating the load to the 
stress intensity factor; a function 
configuration including crack length, 

Wedge forces applied to a crack 
surface,, 

Frequency spectrum , 

Rise(and/or fall) between peaks in 
stress-intensity-factor and load, 
respectively. 

4=i- 
The stress-intensity-factor, its 
range and its mean value. 

The rth moment of a power spectrum. 

Cycle number or number of peaks. 

Load, its range and its mean, 

Probability density function of. 

Polar Coordinates measured from a 
crack tip. 

Time. 
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L . / =  
w =  
r =  
G - =  

Power s p e c t r a  of  s t r e s s - i n t e n s i t y -  
f a c t o r  and l o a d ,  r e s p e c t i v e l y .  

P l a s t i c  zone wid th .  

P l a s t i c  work d i s s i p a t e d ,  

R e l a t i v e  mean load .  

Uniform ax ia l  s t r e s s .  

Rec tangu la r  stress components. 

Y ie ld  p o i n t  s tress.  

C i r c u l a r  f r equency  ( CC .P .S 

(Bar )  deno tes  an  average .  
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